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Abstract 

, For almost finite groupoids, we study how their homology groups reflect dynamical 

^> ' properties of their topological full groups. It is shown that two clopen subsets of 

. , the unit space has the same class in Hq if and only if there exists an element in 

1^ ' the topological full group which maps one to the other. It is also shown that a 

, natural homomorphism, called the index map, from the topological full group to Hi is 

surjective and any element of the kernel can be written as a product of four elements of 
finite order. In particular, the index map induces a homomorphism from Hi to Ki of 
the groupoid C* -algebra. Explicit computations of homology groups of AF groupoids 
^ , and etale groupoids arising from subshifts of finite type are also given. 

\0 ■ 1 Introduction 

Q> ■ Etale groupoids play an important role in the theory of both topological dynamics and 

, operator algebras. Among other things, their (co)homology theory and i^T-theory of the 

I associated C*-algebras have attracted significant interest. This paper analyzes how the 

homology groups i?*(G) reflect dynamical properties of the topological full group [[G]] 
when the groupoid G has a compact and totally disconnected unit space The topo- 

I logical full group [[G]] consists of all homeomorphisms on G^^^ whose graph is 'contained' 

' in the groupoid G as an open subset (Definition [231) • 1^ corresponds to a natural quotient 

of the group of unitary normalizers of G{G^^^) in C*{G). (Proposition \5.6\ i. With this 
correspondence, we also discuss connections between homology theory and K-theoiy of 
totally disconnected etale groupoids. 

The AF groupoids ([2H [1^1 I14j ) form one of the most important classes of etale 
groupoids on totally disconnected spaces and have been already classified completely up 
to isomorphism. The terminology AF comes from C*-algebra theory and means approx- 
imately finite. In the present paper, we introduce a class of 'AF-like' groupoids, namely 
almost finite groupoids (Definition 16. 2p . Roughly speaking, a totally disconnected etale 
groupoid G is said to be almost finite if any compact subset of G is almost contained in 
an elementary subgroupoid. Clearly AF groupoids are almost finite. Any transformation 
groupoid arising from a free action of is shown to be almost finite (Lemma 16. 3p . but it 
is not known whether the same holds for other discrete amenable groups. For any almost 
finite groupoid G we first show that two G-full clopen subsets of G^'^^ has the same class 
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in Hq(G) if and only if one is mapped to the other by an element in [[G]] (Theorem 16. 12p . 
The latter condition is equivalent to saying that the characteristic functions on the clopen 
sets are unitarily equivalent in C*{G) via a unitary normalizer of C{G'^'^^). Next, we in- 
troduce a group homomorphism from [[G]] to Hi{G) and call it the index map. When G 
is almost finite, the index map is shown to be surjective (Theorem 17. 5p . Furthermore, we 
prove that any element of the kernel of the index map is a product of four elements of 
finite order (Theorem I7.13p . In particular, if G is principal, then Hi{G) is isomorphic to 
[[G]]/[[G]]o, where [[G]]o is the subgroup generated by elements of finite order. 

This paper is organized as follows. In Section 2 we collect notations, definitions and ba- 
sic facts on etale groupoids. In Section 3 we recall the homology theory of etale groupoids, 
which was introduced by M. Crainic and I. Moerdijk We observe that homologi- 
cally similar etale groupoids have isomorphic homology groups with constant coefficients 
(Proposition [33]). A variant of the Lindon-Hochschild-Serre spectral sequence is also given. 
In Section 4 we introduce the notion of Kakutani equivalence for etale groupoids with com- 
pact and totally disconnected unit spaces and prove its elementary properties. Kakutani 
equivalent groupoids are shown to be homologically similar (Theorem 14. Sp . With the aid 
of the results of Section 3 and 4, we compute the homology groups of the AF groupoids 
(Theorem 14.101 14. lip and the etale groupoids arising from subshifts of finite type (The- 
orem [5T3|). Note that the homology groups agree with the X-groups of the associated 
groupoid C*-algebras for these groupoids. In Section 5 we give a C*-algebraic characteri- 
zation of Kakutani equivalence (Theorem 15. 4p by using a result of J. Renault [26]. Next, 
we study relationship between the topological full group \\G]\ and the unitary normalizers 
of C{G^^^) in C*{G) and show a short exact sequence for them (Proposition 15.6] ). We 
also study the group of automorphisms of G*{G) preserving C(G(°)) globally (Proposition 
15. 7p . In Section 6 the definition of almost finite groupoids is given (Definition 16. 2p , and 
some basic properties are proven. Transformation groupoids arising from free Z^-actions 
are shown to be almost finite (Lemma 16. 3p . We also prove that Hq of any minimal and 
almost finite groupoid is a simple, weakly unperforated, ordered abelian group with the 
Riesz interpolation property (Proposition 16.10]) . The main result of this section is Theo- 
rem [6T2l which says that two clopen subsets of the unit space with the same image in Hq 
are mapped to each other by an element of the topological full group when the groupoid is 
almost finite. In Section 7 we investigate the index map / : [[G]] Hi{G). For an almost 
finite groupoid G, Theorem 17.51 states that I is surjective and Theorem 17.131 determines 
the kernel of /. As a result, the existence of a natural homomorphism $i from Hi{G) to 
Ki(C;(G)) is shown (Corollary [US]). 

2 Preliminaries 

The cardinality of a set A is written by |^| and the characteristic function on A is written 
by 1a- We say that a subset of a topological space is clopen if it is both closed and open. 
A topological space is said to be totally disconnected if its topology is generated by clopen 
subsets. By a Cantor set, we mean a compact, metrizable, totally disconnected space with 
no isolated points. It is known that any two such spaces are homeomorphic. 

We say that a continuous map f : X ^ Y is etale, if it is a local homeomorphism, 
i.e. each x £ X has an open neighborhood U such that f{U) is open in Y and f\U 
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is a homeomorphism from U to f{U). In this article, by an etale groupoid we mean 
a locally compact Hausdorff groupoid such that the range map is etale. We refer the 
reader to [211 [26] for the basic theory of etale groupoids. For an etale groupoid G, we 
let G^^^ denote the unit space and let s and r denote the source and range maps. A 
subset F C G^^^ is said to be G-full, if r~^{x) fl s~^{F) is not empty for any x G 
For X E G^^\ G{x) = r{Gx) is called the G-orbit of x. When every G-orbit is dense in 
G^^\ G is said to be minimal. For an open subset F C G^^\ the reduction of G to is 
r-i(F) n s-^{F) and denoted by G\F. The reduction G\F is an etale subgroupoid of G 
in an obvious way. A subset C/ C G is called a G-set, if r\U,s\U are injective. For an 
open G-set U, we let tu denote the homeomorphism r o (s|C/)^^ from s{U) to r{U). The 
isotropy bundle is G' = {5 € G [ r{g) = s{g)}. We say that G is principal, if G' = G^^h 
A principal etale groupoid G can be identified with {{r{g),s{g)) G G(°) x G(°) \ g e G}, 
which is an equivalence relation on G^^h Such a equivalence relation is called an etale 
equivalence relation (see [13^ Definition 2.1]). When the interior of G' is G^'^^ we say that 
G is essentially principal (this is slightly different from Definition II. 4. 3 of |24j . but the 
same as the definition given in |26j). For a second countable etale groupoid G, by [26l 
Proposition 3.1], G is essentially principal if and only if the set of points of G^^^ with 
trivial isotropy is dense in G^^^ . For an etale groupoid G, we denote the reduced groupoid 
G*-algebra of G by C*{G) and identify Go(G(°)) with a subalgebra of G*{G). 

There are two important examples of etale groupoids. One is the class of transforma- 
tion groupoids arising from actions of discrete groups. 

Definition 2.1. Let ip : T r\ X he an action of a countable discrete group F on a locally 
compact Hausdorff space X by homeomorphisms. We let G^ = T x X and define the 
following groupoid structure: (7, x) and (7', x') are composable if and only x = ip"' (x'), 
(7, (x')) • (7',^') = (77', x') and (7, x)~^ = (7"^, (x)). Then G^ is an etale groupoid 
and called the transformation groupoid arising from if '.T r\ X. 

If the action if is free (i.e. {7 G F | {p"'{x)=x} = {e} for all x G X, where e denotes 
the neutral element), then G<^ is principal. The reduced groupoid G*-algebra G*(G,^) is 
naturally isomorphic to the reduced crossed product G*-algebra Go{X) xi^ ,^ F. 

The other important class is AF groupoids ([24, Definition III. 1.1], [141 Definition 3.7]). 

Definition 2.2. Let G be a second countable etale groupoid whose unit space is compact 
and totally disconnected. 

(1) We say that C G is an elementary subgroupoid if is a compact open principal 
subgroupoid of G such that K^^^ = G^^^ . 

(2) We say that G is an AF groupoid if it can be written as an increasing union of 
elementary subgroupoids. 

An AF groupoid is principal by definition, and so it can be identified with an equiv- 
alence relation on the unit space. When G is an AF groupoid, the reduced groupoid 
G*-algebra G*(G) is an AF algebra. W. Krieger [l7j showed that two AF groupoids 
Gi and G2 are isomorphic if and only if Kq{G*{Gi)) and -K"o(G*(G2)) are isomorphic as 
ordered abelian groups with distinguished order units (see [271 Definition 1.1.8] for the 
definition of ordered abelian groups and order units). For classification of minimal AF 
groupoids up to orbit equivalence, we refer the reader to [T2 | [T4 ] . 
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We introduce the notion of full groups and topological full groups for etale groupoids. 
Definition 2.3. Let G be an etale groupoid whose unit space is compact. 

(1) The set of all 7 € Homeo(G'^''-') such that for every x € G^^^ there exists g (z G 
satisfying r{g) = x and s{g) = j{x) is called the full group of G and denoted by [G]. 

(2) The set of all 7 G Homeo(G^'^)) for which there exists a compact open G-set U 
satisfying 7 = r^/ is called the topological full group of G and denoted by [[G]]. 

Obviously [G] is a subgroup of Homeo(G(0)) and [[G]] is a subgroup of [G] . 

For a minimal homeomorphism 92 on a Cantor set X, its full group [tp] and topolog- 
ical full group T[ip] were defined in [13]. One can check that [</?] and T[ip] are equal to 
[Gip] and [[G^]] respectively, where G^ = Z x X is the transformation groupoid arising 
from if. Moreover, for an etale equivalence relation on a compact metrizable and totally 
disconnected space, its topological full group was introduced in [21] and the above defini- 
tion is an adaptation of it for a groupoid not necessarily principal. When G is the etale 
groupoid arising from a subshift of finite type, [[G]] and its connection with C*-algebras 
were studied by K. Matsumoto ([20]). 



3 Homology theory for etale groupoids 

We briefiy recall homology theory for etale groupoids which was studied in [4J. In [Ij 
homology groups are defined for sheaves on the unit space and discussed from various 
viewpoints by using methods of algebraic topology. Here, we restrict our attention to 
the case of constant coefficients and introduce homology groups in an elementary way, 
especially for people who are not familiar with algebraic topology. 

Let ^ be a topological abelian group. For a locally compact Hausdorff space X, we 
denote by Gc{X, A) the set of A-valued continuous functions with compact support. When 
X is compact, we simply write G{X,A). With pointwise addition, Gc{X,A) is an abelian 
group. Let vr : X ^ y be an etale map between locally compact Hausdorff spaces. For 
/ S Gc{X, A), we define a map vr*(/) : Y ^ Ahy 

Mf){y)= E /(^)- 

n{x)=y 

It is not so hard to see that TT^{f) belongs to Gc{Y, A) and that vr* is a homomorphism from 
GciX,A) to Gc{Y,A). Besides, if vr' : y ^ Z is another etale map to a locally compact 
Hausdorff space Z, then one can check (vr' o vr)* = vr^ o vr,, in a direct way. 

Let G be an etale groupoid and let G^^^ be the unit space. We let s and r denote the 
source and range maps. For n € N, we write for the space of composable strings of 
n elements in G, that is, 

= {(51, 52, . . . , 5n) G I s{gi) = r{gi+i) for alH = 1, 2, . . . , n-1}. 

For i = 0,1, ... ,n, we let di : G*^") G^"'~^^ be a map defined by 

(92,93, ■■■ ,9n) i = 

di{gi,g2, ...,gn)= { [gi, . ■ .,gigi+i, .■■,gn) 1 < « < n-l 
91,92, ■■■ ,9n-i) i = n. 
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Clearly dj is etale. Let ^ be a topological abelian group. Define the homomorphisms 
d„ : Ce(GW, A) ^ Ce(G("-i), A) by 

n 

5i = — r^, and 5n = ^(— l)*cij*. 

1=0 

It is easy to see that 

3L Ce(G(°) , A) ^ Ce(G(l) , A) ^ Ce(G(2) , A) ^ . . . 

is a chain complex. 

Definition 3.1. We let Hn{G,A) be the homology groups of the chain complex above, 
i.e. Hn{G,A) = Ker (5n/ Im (5n+i, and call them the homology groups of G with constant 
coefficients A. When A = Z, we simply write Hn{G) = Hn{G,7j). In addition, we define 

Ho{G)+ = {[/] G Ho{G) I f{u) > for all u G G^}, 

where [/] denotes the equivalence class of / € Cc{G^'^\ A). 

Remark 3.2. The pair {Hq(G), Hq{G)^) is not necessarily an ordered abelian group in 
general, because Ho{G)~^ n {—Ho{G)~^) may not equal {0}. In fact, when G is the etale 
groupoid arising from the full shift over symbols, Hq{G)^ = Hq{G) = Z/(A^— 1)Z. See 
Theorem I4.14[ 

Let ip : T r\ X he an action of a discrete group F on a locally compact Hausdorff 
space X by homeomorphisms. With pointwise addition Cc{X,A) is an abelian group, and 
r acts on it by translation. One can check that Hn{G^, A) is canonically isomorphic to 
Hn{T, CciX, A)), the homology of T with coefficients in Cc{X, A). Under the identification 
of G(°) with X, the image of 5i is equal to the subgroup of Gc{X,A) generated by 

{f-foip"'\feG,ix,A}, 7Gr}, 

and Ho{Gip,A) is equal to the quotient of Cc{X,A) by this subgroup. 

Suppose that G^^^ is compact, metrizable and totally disconnected. The canonical in- 
clusion L : G(G(0)) ^ C;(G) induces a homomorphismi^o(0 : -ftro(C(G(o))) ^ i^o(G;(G)). 
The A'o-gi'oup of G(G(°)) is naturally identified with G(G(°),Z). If U is a compact open 
G-set, then u = lu is a partial isometry in G*{G) satisfying u*u = ^s{u) = lr(c/)- 

Hence {Kq{l)o5i){1u) is zero. This means that the image of 5i is contained in the kernel of 
i^o(i); because G has a countable base of compact open G-sets. It follows that we obtain 
a homomorphism $0 : Hq{G) Kq{G*{G)) such that $o([/]) = ^o(0(/)- I* is natural to 
ask if the homomorphism $0 is injective or not, but we do not know the answer even when 
G is the transformation groupoid arising from a free minimal action of Z^. In Section 7, 
we will show that there also exists a natural homomorphism : Hi{G) — > Ki{G*{G)) 
under the assumption that G is almost finite (Corollary 17. 15p . 

Let (f : X be an action of on a Cantor set X. As mentioned above, 

H^{Gip) is isomorphic to the group homology H^{'L^ ,C{X,'L)), and hence to the group 
cohomology H* (1^^ , G {X , 1^)) by Poincare duality. When = 1, it is straightforward to 



5 



check that Hi{G^) is isomorphic to Ki{C*{G^)) for i = 0, 1. It is natural to ask whether 
the isomorphisms 

i^o(C;(G^)) = 0F2.(G^), Ki(C;(G^))^0i72m(G'^) (*) 

i i 

hold for general A^. As shown in [T], there exists a spectral sequence 

(r*(r -tv. rv^<i j Hn^"" ,C{X,Z)) g is even 

E^^ ^ Kp+q+N[C^-[G^)) with E^''' = i _ 

ID (7 IS odd, 

and if the (co)homology groups were always torsion free, then the isomorphisms (*) would 
follow from this spectral sequence. However, it turns out that there exists a free minimal 
Z^-action ip which contains torsion in its (co) homology ([HEJ]). Nevertheless, for certain 
classes of Z^-actions, it is known that the isomorphisms (*) hold. We refer the reader to 
[2], [9] and [28) for detailed information. We also remark that the isomorphisms (*) hold 
for AF groupoids and etale groupoids arising from subshifts of finite type (see Theorem 

mnisiiiiiiiD. 

Next we would like to consider functoriality of Hn{G,A). 

Definition 3.3. A map p : G ^ H between etale groupoids is called a homomorphism, if 
/> is a continuous map satisfying 

{g,g') e ^ (pig), Pig')) € H^^^ and p{g)pig') = p{gg'). 

We emphasize that continuity is already built in the definition. 

Compactly supported cohomology of spaces is covariant along local homeomorphisms 
and contravariant along proper maps. Analogous properties hold for homology of etale 
groupoids. Let p : G — > be a homomorphism between etale groupoids. We let p'^'^^ 
denote the restriction of p to G^^^ and p*-"-* denote the restriction of the n-fold product 
px px ■ ■ ■ X pto G^"'\ One can easily see that the following three conditions are equivalent. 

(1) p^^^ is etale (i.e. a local homeomorphism) . 

(2) p is etale. 

(3) is etale for all n e N. 

When p is etale, pi"'' : Cc{G^"'\ A) — >■ Cc{H^'^\ A) are homomorphisms commuting with 
the boundary operators 5„. It follows that we obtain a homomorphism 

Hn{p):Hn{G,A)^HniH,A). 

If p is proper, then one obtains a homomorphism from Cc{H^"'\A) to Gc{G^^\A) by 
pullback, and hence a homomorphism 

H*{p)-Hn{H,A)^Hn{G,A). 

The following is a variant of (continuous) similarity introduced in |24j . See also [U 
Proposition 3.8] and 2.1.3]. 
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Definition 3.4. Let G, H be etale groupoids. 

(1) Two homomorphisms a from G to H are said to be similar if there exists an 
continuous map e : ^ H such that 

eirig))pig)=aig)eisig)) 

for all g E G. Note that if p and a are etale, then 9 becomes automatically etale. 

(2) The two groupoids G and H are said to be homologically similar if there exist etale 
homomorphisms p : G ^ H and a : H ^ G such that a o p is similar to idc and 
/9 o (T is similar to idn- 

Proposition 3.5. Let G, H be etale groupoids. 

(1) // etale homomorphisms p,a from G to H are similar, then Hn{p) = Hn{o'). 

(2) // G and H are homologically similar, then they have isomorphic homology with 
constant coefficients A. Moreover when A = 'L, the isomorphism maps Hq{G)'^ onto 
Ho{H)+. 

Proof. It suffices to show (1). There exists an etale map 9 : ^ H such that 

9{r{g))p{g) = a{g)9{s{g)) for all g (z G. For each n G N U {0} wc construct a homo- 
morphism : Cc(G("),^) Cc{H^"^^\A) as follows. First we put Hq = 6**. For n G N, 
we let hn = E]=oi-^Vkj^^ where kj : G^") ^ H^''+^^ is defined by 

' {Q{r{gi)),p{gi),p{g2),...,p{gn)) j = 

kj{gi,g2,---,gn) = < {a{gi), . . . ,a{gj),9{s{gj)), p{gj+i), . . . , p{gn)) 1 <i <n-l 
. (^{92), (T{gn), &{s{gn))) j = n. 

It is straightforward to verify 61 o Hq = p^^^ — ai^^ and 

6n+l ohn + hn-1 O Sn = pl"^ - cri"^ 

for all n G N. Hence we get Hn{p) = Hn{o-)- D 
Theorem 3.6. Let G be an etale groupoid and let F C G^^^ be an open G-fuU subset. 

(1) // there exists a continuous map 9 : G(°) ^ G such that r{9{x)) = x and s{9{x)) G F 
for all X G G^'^\ then G is homologically similar to G\F. 

(2) Suppose that G^^^ is a-compact and totally disconnected. Then G is homologically 

similar to G\F . 

Proof. (1) Notice that 9 is etale. Let p : G ^ G\F and a : G\F G he ctalc homomor- 
phisms defined by p{g) = 9{r{g))~^g9{s{g)) and a{g) = g. It is easy to see that p o a is 
similar to the identity on G|F and that a o p is similar to the identity on G via the map 
9. Hence G and G\F are homologically similar. 
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(2) There exists a countable family of compact open G-sets such that {r{Un)}n 

covers G and s{Un) C F. Define compact open G-sets Vi,V2, ■ ■ ■ inductively by Vi = Ui 
and 

Vn = Un\r~\r{ViU---UVn^i)). 

We can define 9 : G(°) ^ G by 9{x) = {r\Vny^{x) for x e Clearly 9 satisfies the 
assumption of (1), and so the proof is completed. □ 

We recall from [2_4j the notion of skew products and semi-direct products of etale 
groupoids. Let G be an etale groupoid and let F be a countable discrete group. When 
/3 : G ^ r is a homomorphism, the skew product GXpFisGxT with the following 
groupoid structure: {g, 7) and {g' , 7') is composable if and only if g and g' are composable 
and jpig) = 7', (5,7) • {g',-ip{g)) = {gg',"f) and (5,7)""^ = (5"^7P(5'))• We can define an 
action p:T r\G XpT by fP{g', 7') = {g' , 77'). 

When if : T r\ G \s an action of T on G, the semi-direct product GXi^FisGxT 
with the following groupoid structure: (5, 7) and (5', 7') is composable if and only if g and 
99^(5') are composable, (5,7) • {g' ,i) = {g^'^ {g'),li) and (5,7)""^ = {"P^' {9~^),1~^)- 
There exists a natural homomorphism (p : G F ^ F defined by ip(g,^) = 7. The 
following proposition can be shown in a similar fashion to [24, LI. 8] by using Theorem l3.6l 

(1). 

Proposition 3.7. Let G be an etale groupoid and let T be a countable discrete group. 

(1) When p : G ^ T is a homomorphism, (G Xp F) Xp F is homologically similar to G. 

(2) When ip -.T r\ G is an action, (G x^ F) x^ F is homologically similar to G. 

For skew products and semi-direct products, the following Lindon-Hochschild-Serre 
spectral sequences exist. This will be used later for a computation of the homology groups 
of etale groupoids arising from subshifts of finite type. 

Theorem 3.8. Let G be an etale groupoid and let T be a countable discrete group. Let A 
be a topological abelian group. 

(1) Suppose that p : G ^ T is a homomorphism. Then there exists a spectral sequence: 

= Hp{T,Hg{G XpF, A)) ^ Hp+,{G,A), 
where Hq{G Xp F, A) is regarded as a T-module via the action p : T r\ G x pT . 

(2) Suppose that : T r\ G is an action. Then there exists a spectral sequence: 

El^ = Hp{r,H,{G,A)) Hp+g{G x^T,A), 
where Hq{G,A) is regarded as a T-module via the action ip. 

Proof. (1) is a special case of ^ Theorem 4.4]. (2) immediately follows from (1) and 
Proposition 0(2). □ 

We remark that similar spectral sequences exist for cohomology of etale groupoids, 
too. 
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4 Kakutani equivalence 



In this section we introduce the notion for Kakutani equivalence of etale groupoids whose 
unit spaces are compact and totally disconnected. We also compute the homology groups 
of AF groupoids and etale groupoids arising from subshifts of finite type. 

Definition 4.1. Let Gi be an etale groupoid whose unit space is compact and totally 
disconnected for i = 1,2. When there exists a Gj-full clopen subset Yi C cf^ for i = 1,2 
and Giiyi is isomorphic to G2\Y2, we say that Gi is Kakutani equivalent to G2. 

It will be proved in Lemma 14.51 that the Kakutani equivalence is really an equivalence 
relation. 

Remark 4.2. In the case of transformation groupoids arising from Z-actions, the Kaku- 
tani equivalence defined above is weaker than the Kakutani equivalence for Z-actions 
introduced in [12]. Indeed, for minimal homeomorphisms (pi,^2 on Cantor sets, the etale 
groupoids associated with them are Kakutani equivalent in the sense above if and only if 
(pi is Kakutani equivalent to either of (p2 and ^ the sense of [121 Definition 1.7]. See 
also [HI Theorem 2.4] and [3]. 

Let G be an etale groupoid whose unit space is compact and totally disconnected. For 
/ G C(G(o),Z) with / > 0, we let 

Gf = {{g,i,j)eGxZxZ\0<i<f{r{g)), < j < f{s{g))} 

and equip Gj with the induced topology from the product topology on X x Z x Z. The 
groupoid structure of G/ is given as follows: 

Cf^ = {{x,i,i) I X G 0<i< fix)}, 

{g,i,j)^^ = {g^^,j,i), two elements {g,i,j) and {h,k,l) are composable if and only if 
s{g) = r{h),j = k and the product is {g,i,j){h,j,l) = {gh,i,l). It is easy to see that Gf 
is an etale groupoid and the clopen subset {(x,0, 0) G G^p \ x G G'^'^)} of G^ is Gj-full. 

Lemma 4.3. Let G he an etale groupoid whose unit space is compact and totally dis- 
connected and let Y C G^^^ be a G-fuU clopen subset. There exists f G C(y, Z) and an 
isomorphism vr : {G\Y)f — > G such that 7r(g(,0, 0) = g for all g G G\Y . 

Proof. We put X = G^'^^ for notational convenience. For any x G X \ Y, there exists 
g G r^^(x) n s^^(Y), because Y is i?-full. We can choose a compact open G-set Ux 
containing g so that r{Ux) C X\Y and s{Ux) C Y. The family of clopen subsets {r{Ux) \ 
X G X\Y} forms an open covering oi X\Y, and so we can find xi,X2, ■ ■ ■ ,Xn G X\Y such 
that r{Uxi) U ''^(.^X2) U ■ ■ ■ U r{Ux„) = X \ Y. Define compact open G-sets Vi, V2, . . . ,Vn 
inductively by 

Vi = Ux, and Vk = Ux,\r-\r{ViVJ---^Vk^i)). 

Then r(Vi), r(l^), . . . , riV^) are mutually disjoint and their union is equal to X\Y . For 
each subset Ac {1,2, .. . ,n}, we fix a bijection q;a : {A; G N | < |A|} — > A. For y ^Y , 
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put A(y) = {A: G {1,2, . . . ,n} I y G s{Vk)}. We define / G C{Y,Z) by /(y) = |A(y)|. Since 



each s(Vfc) is clopen, / is continuous. We further define 9 : {G\Y)^p — > G by 



where I = a\(^y-^{i). It is not so hard to see that 



y if i = 

{s\Vi)'^{y) otherwise, 



T^{9,i,j) = 0{r{g),i,i) ■ g ■ 0{s{g),j,j) ^ 

gives an isomorphism from (G\Y)f to G. □ 

Lemma 4.4. Let G be an etale groupoid whose unit space is compact and totally discon- 
nected and let Y,Y' C G^^^ be G-full clopen subsets. Then G\Y and G\Y' are Kakutani 
equivalent. 

Proof. By Lemma [4.31 there exists / G C{Y,Z) and an isomorphism vr : {G\Y)f G such 
that n{g, 0,0) = g for ah g G G\Y. Define a clopen subset Z CY hy 

Z = {y eY \ 7r(y, k, k) G Y' for some k = 0,l,... , f{y)}. 

Since Y' is G-fuh, we can see that Z is G-fuh. For each z G we let 

g{z) = mlu{k G {0, 1, . . . , f{z)} \ 7r(z, fc, k) G Y'} 

and U = {'7r(z, y(z), 0) [ z G Z}. Then y is a continuous function on Z and [/ is a compact 
open G-set satisfying s{U) = Z and r-(?7) C Y' . Clearly Z' = r{U) is G-full, and G\Z and 
G\Z' are isomorphic. Hence G|y and G\Y' are Kakutani equivalent. □ 

Lemma 4.5. T/ie Kakutani equivalence is an equivalence relation between etale groupoids 
whose unit spaces are compact and totally disconnected. 

Proof. It suffices to prove transitivity. Let Gj be an etale groupoid whose unit space is 
compact and totally disconnected for i = 1,2,3. Suppose that Gi and G2 are Kakutani 
equivalent and that G2 and G3 are Kakutani equivalent. We can find clopen subsets 
Yi C G^^\ Y2, Y2 C G'^^ and 13 C G^^^ such that each of them are full, Gi\Yi is isomorphic 
to G2\Y2 and Galas' is isomorphic to G^lY^. Let vr : Gzl^a ^ Gil^i and tt' : Gsl^a GslYs 
be isomorphisms. From Lemma [4.41 there exist Ga-full clopen subsets Z C I2 and Z' C 1^' 
such that G2\Z is isomorphic to G2\Z'. Then Gi\tt{Z) is isomorphic to G3\tt'{Z'), and so 
Gi and G3 are Kakutani equivalent. □ 

Lemma 4.6. Lei Gi be an etale groupoid whose unit space is compact and totally discon- 
nected for i = 1,2. The following are equivalent. 

(1) Gi is Kakutani equivalent to G2. 

(2) There exist fi G G{G^^\'L) such that (Gi)jj is isomorphic to (G2)/2. 
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Proof. (1)=^>(2). By Lemma HTHl we can find an etale groupoid G and 51,52 ^ C{G^^\'I,) 
such that Gg. is isomorphic to Gj. Let n : Gi ^ Gg. be the isomorphism. Put g{x) = 
max{gi{x),g2{x)}. Define fi G G(G^°\z) by 



9{x) - gi{x) ifA; = 
otherwise. 



Let hi = fi o ['K\Gf^). It is easy to see that {Gi)hi is isomorphic to {Gg^)f^ and that {Ggjf^ 
is isomorphic to G^. Therefore we get (2). 

(2)^(1). For i = 1,2, we let Yi = {(x,0,0) G {Gi)f^ \ x G Gf^}. Then Yi is (Gj)/,-full 
and {Gi)f^\Yi is isomorphic to Gj. It follows from Lemma that Gi and G2 are Kakutani 
equivalent. □ 

From the lemma above, one can see that Kakutani equivalence is a generalization of 
bounded orbit injection equivalence introduced in [TSl Definition 1.3] (see also Definition 
5 and Theorem 6 of |19!). 



Lemma 4.7. Let G be an etale groupoid whose unit space is compact and totally discon- 
nected. The following are equivalent. 

(1) G is principal and compact. 

(2) G is Kakutani equivalent to H such that H = H^^^ . 

Proof. This is immediate from [14] Lemma 3.4] and the definition of Kakutani equivalence. 

□ 

Next, we turn to the consideration of homology of an etale groupoid G whose unit 
space is compact and totally disconnected. 

Theorem 4.8. Let Gi he an etale groupoid whose unit space is compact and totally dis- 
connected for i = 1,2. If Gi and G2 are Kakutani equivalent, then Gi is homologically 
similar to G2. In particular, Hn{Gi, A) is isomorphic to Hn{G2,A) for any topological 
abelian group A. Moreover, there exists an isomorphism vr : Hq{Gi) Hq(G2) such that 
7t{Ho{Gi)+) = Ho{G2)+ . 

Proof. This follows from the definition of Kakutani equivalence, Theorem 13.61 and Propo- 
sition 13. 5[ □ 

Lemma 4.9. Let G be a compact etale principal groupoid whose unit space is compact and 
totally disconnected. Let A be a topological abelian group. Then Hn{G,A) = for n > 1. 

Proof. This follows from Lemma 14.71 Theorem 14.81 and the definition of homology groups. 

□ 

As for AF groupoids (i.e. AF equivalence relations), we have the following. For the 
definition of dimension groups, we refer the reader to [27, Section 1.4]. 
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Theorem 4.10. (1) For an AF groupoid G, there exists an isomorphism vr : Hq{G) 

Ko{C*{G)) such that 7r{Ho{G)+) = Kq{C;{G))+ and vr([l(.(o)]) = [1c;(g)]- In par- 
ticular, the triple {Hq{G), Hq{G)'^ , [Iq(o)]) is a dimension group with a distinguished 
order unit. 

(2) Two AF groupoids Gi and G2 are isomorphic if and only if there exists an isomor- 
phism vr : Ho{Gi) ^ ^0(^2) such that tt{Hq{Gi)+) = i/o(G'2)+ and 7r([l„(o)]) = 

[1^(0)]- 

Proof. The first statement foUows from |24 tll6l[T2| ll4j. The second statement was proved 
in [HI. □ 

Theorem 4.11. Let G be an AF groupoid and let A be a topological abelian group. Then 
Hn{G,A) = forn>l. 

Proof. The AF groupoid G is an increasing union of elementary subgroupoids. For any 
/ G Cc{G^^\ A), there exists an elementary subgroupoid K C G such that / S Cc{K^"\ A). 
By Lemma SJl Hn{K, yl) = forn > 1. Therefore Hn{G, >1) = forn > 1. □ 

Remark 4.12. Let G be an AF groupoid and let yl be a topological abelian group. 
It is known that the cohomology group H^{G,A) with constant coefficients is zero for 
every n > 2 ( [24, IIL1.3]). Clearly H^{G,A) is equal to the set of continuous functions 
/ G G{G^^\A) satisfying f{r{g)) = f{s{g)) for all g ^ G. In particular, when G is 
minimal, H^{G,A) is isomorphic to A. When G is minimal and A = Z, one can see that 
{G, Z) is always uncountable. 

We now turn to a computation of homology groups of etale groupoids arising from sub- 
shifts of finite type. We refer the reader to i25j for more details about these groupoids. 
Let cr be a one-sided subshift of finite type on a compact totally disconnected space X. 
We assume that a is surjective. The etale groupoid G associated with a is given by 

G = {{x, n,y) e X xZx X \ 3k,l en, n = k-l, a^(x) = a\y)}. 

Two elements {x,n,y) and {x',n',y') in G are composable if and only if y = x' , and the 
multiplication and the inverse are 

(x, n, y) ■ (y, n' , y') = (x, n+n' , y'), {x, n, y)"^ = (y, -n, x). 

The etale groupoid G has an open subgroupoid H = {(x,0,y) G G}. It is well-known 
that C*{G) is isomorphic to the Cuntz-Krieger algebra introduced in [5] and that H is 
an AF groupoid. Moreover, there exists an automorphism vr of Kq{C*.{H)) such that 
Ko{C;{G)) ^ Coker(id-7r) and Ki{C;{G)) ^ Ker(id-^). It is also well-known that 
Kq{C*{G)) is a finitely generated abelian group and Ki{C*{G)) is isomorphic to the 
torsion free part of Kq{C*{G)). 

The map p : {x,n,y) 1-^ n is a homomorphism from G to Z. We consider the skew 
product G Xp Z and set y = G(°) x {0} C (G Z)W. 

Lemma 4.13. In the setting above, G XpT^ is homologically similar to H. 
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Proof. It is easy to see that y is (G Xp Z)-full. In addition, {G Xp 'L)\Y is canonically 
isomorphic to H. By Theorem 13.61 (2). we get the conclusion. □ 

Theorem AAA. When G is the etale groupoid arising from a subshift of finite type, 
Ho{G) ^ Ko{C;{G)), Hi{G) ^ Ki{C;.{G)) and Hn{G) = for alln>2. 

Proof. It follows from Theorem 13.81 (1) that there exists a spectral sequence: 

= Hp{Z, H,{G Xp Z)) ^ Hp+^{G). 

By the lemma above and Proposition 13.51 Hq{G Xp Z) is isomorphic to Hq{H). This, 
together with Theorem 14. 101 and Theorem 14.111 implies 

10 q > I. 

Besides, the Z-module structure on Hq{G Xp Z) = Kq{C* (H)) is given by the automor- 
phism TT. Hence one has 

Ho{G) ^ Ho{Z,Ko{G:.{H))) ^ Coker(id-7r) ^ i^o(C;(G)), 

Hi{G) ^ Hi{Z,Ko{C:{H))) ^ Ker(id-^) ^ Ki(C;(G)) 
and Hn{G) = forn > 2. □ 

5 Kakutani equivalence and C*-algebras 

In this section, we give a C*-algebraic characterization of Kakutani equivalence. For an 
etale groupoid G, we denote the reduced groupoid C*-algebra of G by C*{G) and identify 
Co(G(°)) with a subalgebra of C*{G). The following is an immediate consequence of (a 
special case of) Proposition 4.11 of |26j . 

Theorem 5.1. For i = 1,2, let Gi be an etale essentially principal second countable 
groupoid. The following are equivalent. 

(1) Gi and G2 are isomorphic. 

(2) There exists an isomorphism vr : G*{Gi) — > G*{G2) such that ■k{Cq{G^^^ )) = Gq{G^^). 

The following lemma is obvious from the definition of C*{G). 

Lemma 5.2. Let G be an etale groupoid whose unit space is compact and let Y C G*-^-* 
be a clopen subset. There exists a natural isomorphism vr : C*{G\Y) lyC*(G)ly such 
that 7r(/) = / for every f G G{Y). 

An element in a C*-algebra A is said to be full if it is not contained in any proper closed 
two-sided ideal in A. The following is an easy consequence of \2A\ Proposition II. 4. 5]. 

Lemma 5.3. Let G be an etale groupoid whose unit space is compact and let Y C G^^^ be 
a clopen subset. Then, Y is G-full if and only if ly is a full projection in C*{G). 
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Combining Theorem 15.11 with the above two lemmas, we get the following. This is a 
generalization of }18l Theorem 2.4]. 

Theorem 5.4. Let Gi he an etale essentially principal second countable groupoid whose 
unit space is compact and totally disconnected for i = 1,2. The following are equivalent. 

(1) Gi and G2 are Kakutani equivalent. 

(2) There exist two projections pi € G{Gf'^), p2 S G{G''2^) and an isomorphism vr 
from piG*{Gi)pi to P2G*{G2)p2 such that pi is full in G*{Gi) and 7r(piC(G^°^)) = 
P2C{Gf). 

We next consider relationship between [[G]] and unitary normalizers of C(G*^*''*) in 
G^{G). In what follows, an element in G^{G) is identified with a function in Gq{G) ( |24l 
II.4.2]). The following is a slight generalization of \14\ II. 4. 10] and a special case of 
Proposition 4.7]. We omit the proof. 

Lemma 5.5. Let G he an etale essentially principal second countahle groupoid. Suppose 
that V € C*{G) is a partial isometry satisfying v*v,vv* G Co(G*-^'') and vCo{G^'^^)v* = 
vv*Cq{G^^^). Then there exists a compact open G-set V G G such that 

V = {geG\ v{g) / 0} = € G | \v{g)\ = 1}. 

In addition, for any f € v*vCo{G^^^), one has vfv* = f o Ty^ . 

For a unital C*-algebra A, let U (A) denote the unitary group of A and for a subalgebra 
B <Z A, let N(B, A) denote the normalizer of B in U{A), that is, 

N{B, A) = {ue U{A) I uBu* = B}. 

Let G be an etale groupoid whose unit space G^^^ is compact. Clearly U{G{G^^^)) is 
a subgroup of iV(G(G(o)),C;(G)) and we let L denote the inclusion map. An element 
u € A^(C(G*^'^^), G*{G)) induces an automorphism / 1— ufu* of G(G*^'^^), and so there exists 
a homomorphism a : N{C{G'^^^),C*{R)) — > Homeo(G(°)) such that ufu* = f o a{u)~^ for 
ah / G G(G(°)). The following is a generalization of [231 Section 5], [291 Theorem 1] and 
pOl Theorem 1.2]. 

Proposition 5.6. Suppose that G is an etale essentially principal second countable groupoid 
whose unit space is compact. 

(1) The image of a is contained in the topological full group [[G]]. 

(2) The sequence 

1 C/(G(G(°))) ^ iV(G(G(°)),G;(G)) ^ [[G]] 1 

is exact. 

(3) The homomorphism a has a right inverse. 
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Proof. (1) This follows from Lemma 15.51 and the definition of [[G]]. 

(2) By definition, l is injective. Since C(GW) is abelian, the image of l is contained 
in the kernel of a. By [24^ Proposition II. 4. 7], C(G^^^) is a maximal abelian subalgebra. 
It follows that the kernel of a is contained in the image of l. The surjectivity of a follows 
from (3). 

(3) Take 7 G [[G]]. Since G is essentially principal, there exists a unique compact open 
G-set U C G such that 7 = tjj. We let u € Gc{G) be the characteristic function of U . 
One can see that tt is a unitary in G*.{G) satisfying ufu* = f o 7"^ for all / € G{G^^^). 
The map 7 1-^ ti gives a right inverse of cr. □ 

Let G be an etale essentially principal groupoid whose unit space is compact. We 
let Aut(^(g(o))(C*(G)) denote the group of automorphisms of G*{G) preserving C{G^^^) 
globally. Thus 

Autc(G(o))(C;(G)) = {q G Aut(C7;(G)) | q(C(G(°))) = C(G(°))}. 

We let Inn(^(-g{o) )(C*(G)) denote the subgroup of Aut(-,(^Q(o)^{C* {G)) consisting of inner 
automorphisms. In order words, 

Innc(G(o))(C;(G)) = {Adu \ u G iV(C(G(o)), C;(G))}. 

Let Out^(-(^(o) )(G*(G)) be the quotient group of Aut(^((^{o) )(G*(G)) by Inn^(-(^(o)) (G*(G)). 
The automorphism group of G is denoted by Aut(G). For 7 = to G [[G]], there exists an 
automorphism (p^ G Aut(G) satisfying 

OgO-^ = {^^{g)} 

for all g (z G. We regard [[G]] as a subgroup of Aut(G) via the identification of 7 with 
93^. Thanks to [26^ Proposition 4.11], we can prove the following exact sequences for 
these automorphism groups, which generalize |I3| Proposition 2.4], [30l Theorem 3] and 
[20l Theorem 1.3]. See [Ml Definition 1.1.12] for the definition of Z^(G,T), B^{G,T) and 
H\G,T). 

Proposition 5.7. Let G be an etale essentially principal second countable groupoid whose 
unit space is compact. 

(1) There exist short exact sequences: 

1 ^ zHG,T) Autc(c,o))(G;(G)) ^ Aut(G) 1, 

1 ^ B\G,T) ^ Innc(G(o))(G;(G)) ^ [[G]] ^ 1, 

1 ^ Fi(G,T) ^ Out^(^(o))(G;(G)) ^ Aut(G)/[[G]] ^ 1. 
Moreover, they all split, that is, oj has a right inverse. 

(2) Suppose that G admits a covering by compact open G-sets O satisfying r{0) = 
s{0) = G^^\ Then Aut(G) is naturally isomorphic to the normalizer N{[[G]]) of 
[[G]] mHomeo(G(0)). 
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Proof. (1) It suffices to show the exactness of the first sequence, because the others are 
immediately obtained from the ffist one. Take a € Aut(~<^Q(o)'^{C*{G)). Clearly a induces 
an automorphism of the Weyl groupoid of (C*(G), C(G(°))) ([261 Definition 4.2]), which 
is canonically isomorphic to G by [26', Proposition 4.11]. Therefore there exists a homo- 
morphism u from Autp(^g(o))(C*(G)) to Aut(G). Evidently lo is surjective and has a right 
inverse. Take ^ G Z^{G,T). We can define G Aut(-.(c(o))(C*(G)) by setting 

m{fK9) = mf{9) 

for / G G*{G) and g & G. Obviously j is an injective homomorphism and Im j is contained 
in Keroj. It remains for us to show that Ker w is contained in Imj. For / G Cc{G), we write 
supp(/) = {g eG\ f{g) 0}. Suppose a G Kerw. We have a(/) = / for / G C7(G(°)). 
Take g £ G. Choose u G Cc{G) so that u{g) > 0, > for all h £ G and supp(n) is an 
open G-set. Then a{u){g)/u{g) is in T, because 

\u{g)\^ = \u*u{s{g))\ = \a{u*u){s{g))\ = \a{u){g)\^. 

Let V G Cc{G) be a function which has the same properties as u. Then O = supp(u) PI 
supp(t') is an open G-set containing g. Let w G G{G^^^) be a positive element satisfying 
w{s{g)) > and supp(tt;) C s{0). We have 

{u{v*vy/^w){h) = u{h){{v*vy/^w){s{h)) = u{h)v{h)w{s{h)) 

for every h £ G. Since we also have the same equation for v{u*uy^'^w, we can conclude 
u{v*v)^^'^w = v{u*uY^'^w. Accordingly, one obtains 

(^{u){g)v{g)w{s{g)) = {a{u){v*v)^/'^w){g) 
= a{u{v*vY^'^w){g) 
= a{v{u*u)^^^w){g) 

= {a{v){u*uy/^w){g) = a{v){g)u{g)w{s{g)). 

It follows that the value a{u){g) /u{g) does not depend on the choice of u. We write it 
by ^{g). From the definition, it is easy to verify that ^ belongs to Z^(G, T) and that a is 
equal to j(^). 

(2) For 7 G Aut(G), it is easy to see that 7|G(°) is in the normalizer iV([[G]]) of [[G]]. 
The map q : Aut(G) — > -/V([[G]]) sending 7 to 7[G*-'^^ is clearly a homomorphism. Since 
G is essentially principal, one can see that q is injective. Let h G A^([[G]]). For g £ G, 
let O be a compact open G-set such that r{0) = s{0) = G^'^^ and g £ O. There exists 
a compact open G-set O' such that h o tq o h^^ = tq', because h is in the normalizer of 
[[G]]. Set g' = {r\0')-^h{r{g)). Clearly r{g') = h{r{g)) and s{g') = h{s{g)). As G is 
essentially principal, we can conclude that g' does not depend on the choice of O. We 
define 7 : G — > G by letting 7(51) = g' . It is not so hard to see that 7 is in Aut(G) and 
(7(7) = /i, which means that q is surjective. Consequently, q is an isomorphism. □ 

Remark 5.8. Any transformation groupoid G^p and any principal and totally disconnected 
G satisfy the hypothesis of Proposition 15.71 (2). When G is an etale groupoid arising from 
a subshift of finite type, Aut(G) is naturally isomorphic to A^([[G]]) ([201 Theorem 1.3]). 
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6 Almost finite groupoids 

In this section we introduce the notion of almost finite groupoids (Definition I6.2p . Trans- 
formation groupoids arising from free actions of are shown to be almost finite (Lemma 
I6.3p . Moreover, for two G-full clopen subsets, we prove that they have the same class in 
Hq{G) if and only if there exists an element in [[G]] which maps one to the other. 

Throughout this section, we let G be a second countable etale groupoid whose unit 
space is compact and totally disconnected. The equivalence class of / € C{G^^\Z) in 
Hq{G) is denoted by [/]. A probability measure /i on G^'^^ is said to be G-invariant if 
fi{r{U)) = fi{s{U)) holds for every open G-set U. The set of all G-invariant measures is 
denoted by M(G). For n € M{G), we can define a homomorphism fi : Hq{G) — s- M by 

A([/]) = / fd^i. 

The following lemma will be used repeatedly later. 
Lemma 6.1. Suppose that G is compact and principal. 

(1) // a clopen subset U C G(°) and c> Q satisfy \G{x) r\U\ < c\G{x)\ for all x G G^°\ 
then fi{U) < c for all fi G M(G). 

(2) Let Ui,U2, ■ ■ ■ ,Un and O be clopen subsets of G^'^^ satisfying ^'^=i\G{x) fl Ui\ < 
\G{x) n 0\ for any x G G^^^ . Then there exist compact open G-sets Gi, G2, . . . , G„ 
such that r{Gi) = Ui, s{Ci) C O for all i and s{Ci) 's are mutually disjoint. 

(3) Let U and V be clopen subsets of G^^^ satisfying \G{x) nU\ = \G{x) n V\ for any 
X G G^^^ . Then there exists a compact open G-set C such that r{G) = U and 
s{C) = V. 

(4) For f G G(G(°),Z), [/] is in Ho{G)+ if and only if fi{[f]) > for every ^ G M(G). 

Proof. (1) is clear from the definition. (3) easily follows from (2). (4) can be proven in a 
similar fashion to (2). We show only (2). By Lemma [4. 71 there exists a G-full clopen subset 
Y C G(°) such that G\Y = Y. It follows from Lemma that there exist / G C{Y,Z) 
and an isomorphism vr from {G\Y)f = Yy to G such that 7r(y,0, 0) = y for all y (zY. For 
each (n-l-l)-tuple A = (Aq, Ai, . . . , A„) of finite subsets of N satisfying 

|Ao| > |Ai| + |A2| + --- + |A„|, 

we fix an n-tuple a\ = (cti, 02, . . . , of injective maps Oi : Xi ^ Aq such that ai(Aj) fl 
aj{Xj) = for i / j. For y G y, we set 

>^oiy) = {k \ ■n-iy,k,k) £ O}, Xi{y) = {k \ TT{y,k,k) e Ui} Vi = l,2,...,n 

and A(y) = (Ao(y), Ai(y), . . . , A„(y)). Let Oy^i be the i-th summand of a^yy For i = 
1,2, ... ,n, we define Gj C G by 

^~HCi) = {iy,k,l) G iG\Y)f I k G Xi{y), ay,{k) = I}. 

Then one can verify that Gj's are compact open G-sets which meet the requirement. □ 
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Definition 6.2. We say that G is almost finite, if for any compact subset C <Z G and 
e > there exists an elementary subgroupoid K C G such that 

\CKx\Kx\ 
\Kix)\ 

for all X £ G^^\ where K{x) stands for the i^-orbit of x. We also remark that |-f^(2;)| 
equals \Kx\, because K is principal. 

This definition may remind the reader of the F0lner condition for amenable groups. 
While there is no direct relationship between them, it may be natural to expect that 
transformation groupoids arising from free actions of amenable groups are almost finite. 
Indeed, the next lemma shows that this is true at least for Z^. Notice that (p need not be 
minimal in the following statement. 

Lemma 6.3. When if : Z,^ nv X is a free action of on a compact, metrizable and 
totally disconnected space X, the transformation groupoid G^ is almost finite. 

Proof. We follow the arguments in [6j (see also [101 [TT] ) . We regard Z^ as a subset of 
and let ||-|| denote the Euclid norm on R-^. Let u) be the volume of the closed unit ball of 
M^. We also equip "L^ with the lexicographic order. Namely, for p = {pi,P2, ■ ■ ■ ,Pn) and 
Q = {QIt Q2t ■ ■ 1 Qn) P is less than q if there exists i such that pi < qi and pj = qj 

for all j < i. 

Suppose that a compact subset G C G,p and e > are given. There exists n £ N 
such that G is contained in {{p,x) € G^ \ \\p\\ < n, x G X}. We identify x G X with 
(0,x) € G^. Choose m sufficiently large. By [19, Lemma 20] or |10l Proposition 4.4], we 
can construct a clopen subset U C X such that \J\\p\\<.mV^i^) = U n ^"^{U) = 

for any p with < ||j»|| < m. For each x G X, we let 

Fix) = {p e Z^ I ^pP{x) G U}. 

Then P{x) C is m-separated and (m+l)-syndetic in the sense of [10]. Let f{x) G Z^ 
be the minimum element of 

{p G P{x) I IIpII < II^II yq G P{x)} 

in the lexicographic order. Define K C G^p by 

K = {{p, x)gG^\ fix) =p + fiip^ix))}. 

Then K is an elementary subgroupoid of G (see |6| flO]). 

We would like to show that K meets the requirement. Fix x £ U and consider the 
Voronoi tessellation with respect to P{x). Let T be the Voronoi cell containing the origin, 
that is, 

T = {g G I il^ll < ||g -pII ypeP{x)}. 

Then T is a convex polytope. Note that if q £ TL^ is in the interior of T, then (g, x) is in 
K. Since P{x) is m-separated, T contains the closed ball of radius m/2 centered at the 
origin. Hence |-f^(x)| > (m/2 — 2)^. On the other hand, T is contained in the closed ball 
of radius m+1 centered at the origin, because P{x) is (m+l)-syndetic. It follows that the 
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volume y of T is not greater than {m+l)^LU. Let Bi be the set of g € T which is within 
distance n+1 from the boundary of T and let B2 be the set of g G \ T which is within 
distance 1 from the boundary of T. If g € T PI is within distance n from the boundary 
of T, then the closed ball of radius 1/2 centered at q is contained in i?i Ui?2- Since i?i U-B2 
is contained in 

m m 

the volume of Bi U B2 is less than 

' ^^2^|^ 2(n+l)^|^|^^ ((m + 2)^-(m-2n-2)^)(m + l)^a; 

Hence 



m J \ m J \ 



\CK. \ KA < (("■ + 2)''-Cn-2n-2)'')(^+l)-v. ^ 



As a consequence, by choosing m sufficiently large, we get 

\CKx\Kx\ 
|i^(^)l 

□ 

Remark 6.4. Let be a free action of M'^ on a compact, metrizable space 

and let X C be a flat Cantor transversal in the sense of [IH Definition 2.1]. As described 
in [11], we can construct an etale principal groupoid (i.e. etale equivalence relation) whose 
unit space is (homeomorphic to) X. In the same way as the lemma above, this groupoid 
is shown to be almost finite. 

We collect several basic facts about almost finite groupoids. 

Lemma 6.5. If G is almost finite, then M{G) is not empty. 

Proof. Take an increasing sequence of compact open subsets (7i C C2 C . . . whose union 
is equal to G. For each n £ N, there exists an elementary subgroupoid Kn C G such that 

\CnKnX \ KnX\ ^ 1 



\Kn{x)\ n 

for all X G G^^\ Clearly M{Kn) is not empty, and so we can choose /i„ G M{Kn). By 
taking a subsequence if necessary, we may assume that /x„ converges to a probability 
measure ^. We would like to show that fi belongs to M{G). 

Let [/ be a compact open G-set. For sufficiently large n G N, Cri contains U U U^^. 
For X G G(°), one has 

\Kn{x)r\s{U\Kn)\ = \{U\Kn)KnX\ = \UKnX\KnX\, 

which is less than n~^\Kn{x)\ when C„ contains U. It follows from Lemma l6.ll (1) that 
l^n{s{U \ Kn)) is less than n^^. Similarly, when C„ contains U^"^, one can see that 
fin{f{U \ Kn)) is less than n^^. Since /i„ is i^n-invariant, we have ^n{f{U fl Kn)) = 
lJ'n{s{U ni^n)). Consequently, |^„(r(J7)) — ^n{s{U))\ is less than 2/n for sufficiently large 
n, which implies fi{r{U)) = n{s{U)). Therefore ji is G-invariant. □ 
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Remark 6.6. Let G' be the isotropy bundle. Take € M{G) arbitrarily. In the proof 
above, U fl {G' \ G^'^^) is contained in ?7 \ Kn, because G' \ G^'^^ does not intersect with 
Kn. Hence /x(r([/ n {G' \ is less than 1/n, which implies ^{r{U n {C \ = 0. 

Since G has a countable base of compact open G-sets, we have lJ-{r{G' \ G)) = for all 
fl G M{G). Assume further that G is minimal. From Lemma 16.81 below. ^{U) is positive 
for any non-empty open subset U C It follows that r{G' \ G^^^) contains no interior 

points, and so the set of points of G^^^ with trivial isotropy is dense in G'-*'-*. Thus, if G is 
minimal and almost finite, then G is essentially principal. 

Lemma 6.7. Suppose that G is almost finite. If two clopen subsets U,V C G^'^^ satisfy 
fj-{U) < ^J-(y) for all fi G M{G), then there exists 7 E [[G]] such that j{U) C V. In fact, 
one can find such 7 so that 7^ = id and 7(x) = x for x G G^^^ \{U L) ^{U)). 

Proof. By removing U r\V \i necessary, we may assume that U and V are disjoint. Let 
Cn and Kn be as in Lemma 16.51 Suppose that for each n G N there exists /i„ G M{Kn) 
such that fin{U) > finiV)- By taking a subsequence if necessary, we may assume that 
lin converges to fi. By the proof of Lemma EH we have fi G M{G). This, together with 
//([/) > /u(y), contradicts the assumption. It follows that there exists n G N such that 
fj,{U) < fJ-{V) for all n G M{Kn). Lemma [6T] (2) applies and yields a compact open Kn-set 
G such that r(G) = U and s{C) dV. Set L> = G U G~^ U (G^ \ (r(G) U s(G))). Then 
7 = r£) is the desired element. □ 

Lemma 6.8. Suppose that G is almost finite. For a clopen subset U C G^"-*, the following 
are equivalent. 

(1) U is G-full. 

(2) There exists c > such that fi{U) > c for all n G M(G). 

(3) fi{U) > for every fi G Af(G). 

In particular, if G is minimal, then li{U) > for any non-empty clopen subset U C G^^^ 
and n G M{G). 

Proof. (1)=^(2). Suppose that a clopen subset U C G^^^ is G-full. By Lemma 14.31 there 
exists / G C{Y,Z) such that G and {G\Y)f are isomorphic. Put n = max{/(x) | x G ?7}. 
Then 1 = /x(G(°)) < (n + for any // G M(G), which implies (2). 

(2) ^(3) is trivial. 

(3) =^(1). We need the hypothesis of almost finiteness for this implication. Suppose that 
U is not G-full. Let V = r{.s~^{U)). Then V is an open subset such that U CV ^ G(°) 
and r{s~^(y)) = V. Let Cn and be as in Lemma [631 Take x G G^^^ \ V and put 

where 5y is the Dirac measure on y. Then /i^ is ii'„-invariant and ^n{V) = 0. By taking 
a subsequence if necessary, we may assume that /i„ converges to fi. From the proof of 
Lemma [6.51 A* is G-invariant. But ij,{U) < fi{V) = lim/x„(y) = 0, which contradicts 
(3). □ 
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Lemma 6.9. Suppose that G is almost finite and minimal. For f € C{G^^\1j), one has 
[f] G Ho{G)+ \ {0} ^/ and only tf ftHf]) > for every fi G M(G). 

Proof. The 'only if part easily follows from the lemma above. We prove the 'if part. Let 
Cn and Kn be as in Lemma 16.51 In the same way as above, we can find n G N such that 

J /d/i > for every ^ G M{Kn)- By Lemma [6TT] (4), [/] is in Hq^Ku)^ , and hence in 
^o(G)+. □ 

For the terminologies about ordered abelian groups in the following statement, we refer 
the reader to [271. 



Proposition 6.10. Suppose that G is almost finite and minimal. Then {Hq{G), Hq{G)^) 
is a simple, weakly unperforated, ordered abelian group with the Riesz interpolation prop- 
erty. 

Proof. By virtue of Lemma 16.91 one can see that {Hq{G), Hq{G)^) is a simple, weakly 
unperforated, ordered abelian group. We would like to check the Riesz interpolation 
property. To this end, take fi,f2,gi,g2 G G{G^°\Z) satisfying [fi] < [gj] for i,j = 1,2. 
It suffices to find h G C(G(°),Z) such that [fi] < [h] < [gj] for i,j = 1,2. Clearly we may 
assume [fi] ^ [gj] for i,j = 1,2. Therefore gj — fi is in Hq{G)^ \ {0} for any i,j = 1,2. 
By Lemma we get /*([/«]) < f'-iiOj]) = ^i^. Let C„ and Kn be as in Lemma 

16. 5[ In the same way as above, we can find n G N such that 



fidn< j gj dfi 



for every fi G M{Kn) and i,j = 1,2. By Lemma 14.71 there exists a i^^-full clopen subset 
Y C k'^^ = G'^^'i such that Kn[Y = Y. Define h G C(GW,Z) by 

/i(y) = max<| ^ ^ /2(x) 

for y and h{z) = for z ^Y. It is not so hard to see 

j fidfj.< j hdfj.< j gj dfi 

for every ^ G M{Kn), which implies [fi] < [h] < [gj] in HQ{Kn) by Lemma |6. II (4). Hence 
we obtain the same inequalities in Hq{G). □ 

By using the lemmas above, we can prove the following two theorems concerning the 
'equivalence' of clopen subsets under the action of the (topological) full groups. 

Theorem 6.11. Suppose that G is almost finite and minimal. For two clopen subsets 
U,V C G^^^ , the following are equivalent. 

(1) There exists 7 G [G] such that ^{U) = V . 

(2) n{U) equals n{V) for all fi G M{G). 
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Moreover, 7 in the first condition can be chosen so that 7^ = id and 7(x) = x for x € 
X\{UiJV). 

Proof. Since G is minimal, G^^^ is either a finite set or a Cantor set. If G^^) is a finite 
set, then the assertion is trivial, and so we may assume that is a Cantor set. Any 
G M{G) has no atoms, because every G-orbit is an infinite set. By Lemma [6^ ^^{U) 
is positive for any non-empty clopen set U and /U G M{G). Then the assertion follows 
from a simple generalization of the arguments in [151 Proposition 2.6] by using Lemma [6. 71 
instead of |15l Lemma 2.5]. See also [18^ Theorem 3.20] and its proof. □ 

Theorem 6.12. Suppose that G is almost finite. For two G-full clopen subsets U,V C 
G^''^ , the following are equivalent. 

(1) There exists 7 € [[G]] such that j{U) = V. 

(2) [lu] equals [ly] in HoiG). 

Moreover, 7 in the first condition can be chosen so that 7^ = id and 7(2;) = x for x € 
X\{UUV). 

Proof RecaU that Ho{G) is the quotient of C{G^^\Z) by lm6i, where 61 : Gc{G,Z) 
is given by 

h{f){x) = sM){x) - U{f){x) = f(9)- E f^9). 

Suppose that there exists 7 S [[G]] such that j{U) = V. Let O be a compact open G-set 
such that 7 = tq. It is easy to see 6i{^onr~'^{v)) = If/ ~ l^i which implies [lu] = [ly] in 
Ho{G). 

We would like to show the other implication (2)^(1). Clearly we may assume that U 
and V are disjoint. Suppose that there exists / € Gc{G,Z) such that 5i{f) = lu — ly- 
For a compact open G-set G, one has 5i{1q-i) = —Ic- Since G has a base of compact 
open G-sets, we may assume that there exist compact open G-sets Gi,G2,...,G„ such 
that / = Ici + lc2 + • • • + Icn- By Lemma ESI there exists e > such that fJ.{U) > e 
and ^jl{V) > e for all /i G M(G). Almost finiteness of G yields an elementary subgroupoid 
K C G such that 

\CiKx\Kx\ e , \G-^Kx\Kx\ e 
< - and V ' < - 



\K{x)\ n \K{x)\ n 

for all X £ G*-^-* and i = 1, 2, . . . , n. Moreover, by the proof of Lemma l6.5|, we may further 
assume 

\unK(x)\ , \vnK{x)\ 

^ " > e and , \ > e 



\K{x)\ \K{x)\ 
for all X G G^^\ It follows from \C^Kx \ Kx\ = |s(G, \K)r\ K{x)\ that 

n 

\u n K{x)\ > Y\s{Ci \K)n K{x)\ 

i=l 



22 



for all X € G^^\ Likewise we have 

n 

\V n K{x)\ > Y\r{Ci \K)n K{x)\ 

i=l 

for all X G G^^h By Lemma [6TT] (2), there exist compact open iC-sets Ai, A2, ■ ■ ■ , An such 
that 

r{Ai) =s{Ci.\K), s{Ai)cU Vi = l,2,...,n 

and s(^j)'s are mutually disjoint. Similarly there exists compact open i^T-sets Bi, B2, ■ ■ ■ , Bn 
such that 

s{Bi)=r{a\K), r{B,)cV Vi=l,2,...,n 
and r(i?j)'s are mutually disjoint. Then 

n 

D = (jBi{a\K)Ai 

i=l 

is a compact open G-set such that r{D) C V and s{D) C U. Moreover, for any x € G^^\ 

y&K{x) \ i=l J 

= E (%(y)-E^*(ic.w)(y)) 

y&K{x) \ 4=1 / 

= E ( V(y)-Er,(lc,,\^)(y)J 

= E I Iv'(y) - E^KCA^)(y) ) = E '^V\r{D){y), 

y&K{x) \ 4=1 / yeK[x) 

and so one can find a compact open ET-set E such that = U\s{D) and = V\r{D) 
by Lemma l6.ll (3). Hence F = D D E is a compact open G-set satisfying s{F) = U and 
r(F) = V. Define a compact open G-set O by O = F U F"^ U (G^ \{UUV)). Then 
7 = To G [[G]] is a desired element. □ 

Remark 6.13. In the light of Proposition 15.61 the two conditions of the theorem above 
are also equivalent to 

(3) There exists w G N{C{G^^^),C;{G)) such that wluw* = ly. 

We do not know when this is equivalent to the condition that the two projections Ijj and 
Iv have the same class in i^'o(G*(G)). 

We also remark that a special case of Theorem 16. 121 is implicitly contained in the proof 
of [ig Theorem 3.16]. 



23 



7 The index map 



In this section, we introduce a group homomorphism, called the index map, from [[G]] 
to Hi{G). When G is almost finite, it will be shown that the index map is surjective 
(Theorem 17. 5p and that any element in the kernel of the index map can be written as a 
product of four elements of finite order (Theorem I7.13P . 

Throughout this section, we let G be a second countable etale essentially principal 
groupoid whose unit space is compact and totally disconnected. For / € Cc(G, Z), we 
denote its equivalence class in Hi{G) by [/]. 

Definition 7.1. For 7 € [[C]], a compact open G-set U satisfying ^ = tjj uniquely exists, 
because G is essentially principal. It is easy to see that Ijj is in Ker6i. We define a map 
/ : [[G]] — > Hi{G) by 1(7) = [Ifj] and call it the index map. 

Remark 7.2. When G arises from a minimal homeomorphism on a Cantor set, Hi{G) is 
Z and the above definition agrees with that in [13\ Section 5]. In this case, the index map 
can be understood through the Fredholm index of certain Fredholm operators. 

Lemma 7.3. (1) If U,U' C G are compact open G-sets satisfying s{U) = r{U'), then 

= {(5,5') GG^^M^eC/, g' (^U'} 
is a compact open subset of G^"^^ and (52(lo) = If/ — ^UU' + If/'- 

(2) The index map I : [[G]] Hi(G) is a homomorphism. 

(3) [lu] = for any clopen subset U C G^'^\ 

(4) [lu + = for any compact open G-set U C G. 

Proof. (1) follows from a straightforward computation. (2), (3) and (4) are direct conse- 
quences of (1). □ 

In order to prove the surjectivity of I, we need the lemma below. 

Lemma 7.4. Let K be an elementary subgroupoid of G and let Y C G^^^ be a K-full 
clopen subset such that K\Y = Y. Suppose that f G GciGjI^) is in Ker^i. Then, the 
function f £ Gc{G,Z) defined by 



fia) 



Y.g^,g2eK 1(91992) 9<^G\Y 
otherwise 



is also in Ker^i and [f] = [f] in Hi[G). 

Proof. Put /o = s,(/) = r,(/) G G(G(°),Z). Define k,k C{K,Z) by 



k{9) 



fo{s{g)) r{g)eY 
r{g) i Y 
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and k(g) = k{g ^) for g £ K. By Lemma 17.31 (4), [k + k] = in H\{K) and hence in 
Hi{G). We define hi G Cc{G^^\'L) by 



hi{g,g') 



f{g') gGK, r{g) e Y 
otherwise. 



Letting di : G^^) ^ G (i = 0, 1, 2) be the maps introduced in Section 3, we have 
h{hi){g) = do*{hi){g) - du{hi){g) + d2*{hi){g) 

= X] ^^(9o,g) - du{hi){g) + ^ hi{g,go) 

30 GG go6G 
= f{g)-du{hi)ig)+k{g). 

Define /12 G Cc(G(2),Z) by 



h2{g,g') 

Then 



duihi)ig) rig) eY, g' e K, sig') G Y 
otherwise. 



do* (^2) (5) = X] ^2(50,5) 
soeG 

^ l'Er(5o)ey f^i*(^i)(5o) 5 G 5(5) G Y 
1 otherwise 

^ U4f){r{g)) g^K, s{g)eY 
1 otherwise 

^ifo{r{g)) geK, s{g)eY 
1 otherwise 

= Hg). 

Moreover, it is easy to see du{h2) = f and (i2*(/i2) = di^{hi). Hence 

62{hi) + 52ih2) = {f - du{hi) + k) + {k - f + du{hi)) 
= f + k + ~k-f, 

and so / is in Kerdi and [/] = [/] in Hi{G). □ 
Theorem 7.5. When G is almost finite, the index map I is surjective. 

Proof. Take / G Cc(G,Z) such that 6i{f) = 0. We will show that there exists 7 G [[G]] 
satisfying 1(7) = [/]. By Lemma [7^ (4), we may assume f{g) > for all g & G. Since G 
has a base of compact open G-sets, there exist compact open G-sets Gi, G2, . . . , G„ such 
that / = + Ica + • ■ ■ + lc„ • Almost finiteness of G yields an elementary subgroupoid 
K d G such that 

\CiKx\Kx\ 1 , \Ci^Kx\Kx\ 1 
' ^ ' < - and -L^- — -4-, < 



\K{x)\ n 1-^(^)1 
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for all X G G^o) and i = 1, 2, . . . , n. For x G G^o), lei = {g e G \ g i K, s{g) e 
Then 

n n n 

E /(^^) = E E ^cSa) = J2\C^Kx \ Kx\ < Y,n~'\K{x)\ = \K{x)\ 
geE^ i=i geEx 



i=l 



for any x S G^^\ Likewise, we have YlgeE^: fid ^) < 1-^ 



i=l 



X . 



By Lemma 14.71 there exists a iiT-fuIl clopen subset Y C K^^^ = G^^^ such that K\Y = 
Y. Let / be as in the preceding lemma. Define /o G C{G^^\Z) by /o = /|G(°). By 
Lemma [7^3] (3), [/] = [/ — /o] in Hi{G). Since G has a base of compact open G-sets, we 
may assume that there exist compact open G-sets Di , D2 , • • • , -Dm C G \ G^^^ such that 

/-/o = 1di + 1z)2 + --- + 1d™. 

Notice that r{Di) and s[Di) are contained in y and that does not intersect with K. 
For any y ^Y one has 



J^IKA) n Kiy)\ = hmiy) = E '*(^DMy) = - fo){y) 

1=1 i=l i=l 

= E fia) = E fia) < my)\. 

s(g)=y, giK geEy 

It follows from Lemma l6.ll (2) that there exist compact open iT-sets Ai, A2, ■ ■ ■ , such 
that r{Ai) = s{Di) for all i = 1, 2, . . . , m and s(^j)'s are mutually disjoint. In a similar 
way, we also have 

m 

Y,\r{Di)r^K{y)\ < \K{y)\, 

i=l 

and so there exist compact open ii'-sets Bi,B2, ■ ■ ■ ,Bm such that s{Bi) = r{Di) for all 
i = 1,2, ... ,m and r{Bi)^s are mutually disjoint. Besides, from — /o) = — /o), 
we get 

m m m m 

E = E = E MD^) = E 

4=1 1 = 1 1 = 1 



i=l 



which implies 

m 

(js{A,)nK{a 



1=1 



J2KAi)riKix)\ = Y\r{A,)nKix)\ 



i=l 



i=l 



J2\■<B^) n K{x)\ = Y^l^iBi) n K{x)\ 



i=l 



i=l 



\Jr{Bi)nK{x) 



i=l 



for x G G^^\ because Ai and i?i are if -sets. Hence, by Lemma |6. II (3), we may replace Ai 
and assume 



i=l 
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Then 

m 

E=\J B.DiAi 

i=l 

is a compact open G-set satisfying s{E) = r{E). Let k = X^I^i + 1_B, S C{K,Z). It 
is easy to verify that k is in Ker^i. Therefore, by Lemma 14.91 [k] is zero in Hi{K) and 
hence in Hi{G). By Lemma [73] (1), Ib^ - 1b, a + ^^id 1b._d, - ISiD.Ai + 1a, are zero 
in HiiG) for alH = 1, 2, . . . , m. Consequently, 

[/] = [/] = [/ - /o] = [Id, + • • • + Id J = [Id, + ■■■ + Id J + [k] = [Ie] 

in Hi{G). Let F = E L) {G^^^ \ s{E)). Then F is a compact open G-set satisfying 
r(F) = s(F) = G(°) and [1^] = [1^]- Thus 7 = is in [[G]] and 1(7) = [/]. □ 

Next, we would like to determine the kernel of the index map. 

Definition 7.6. (1) We say that 7 G Homeo(G'''''*) is elementary, if 7 is of finite order 
and {x € G^^^ \ ^^{x) = x} is clopen for any A; E N. 

(2) We let [[G]]o denote the subgroup of [[G]] which is generated by all elementary 
homeomorphisms in [[G]]. Evidently [[G]]o is a normal subgroup of [[G]]. 

Lemma 7.7. (1) When G is principal, 7 G [[G]] is elementary if and only if 7 is of 
finite order. 

(2) 7 € [[G]] is elementary if and only if there exists an elementary subgroupoid K C G 
such that 7 € [[K]] . 

(3) If ^ & [[G]] is elementary, then 1(7) = 0. /n particular, Ker/ contains [[G]]q. 

Proof. (1) This is clear from the definition. 

(2) The 'if part follows from |21l Proposition 3.2] and its proof. Let us show the 'only 
if part. Suppose that 7 = r^/ € [[G]] is elementary. There exists n e N such that 7" = id. 
Then K = (C/UG(°))" is a compact open subgroupoid of G. Since the fixed points of 7 
form a clopen set for any k K is principal. It follows from U C K that 7 belongs to 
[[K]]. 

(3) This readily follows from (2) and Lemma 14.91 □ 

Remark 7.8. Even if 7 G [[G]] is of finite order, 1(7) is not necessarily zero. Let (p : 

TLjlSlTL r> X be an action of TLjNTL on a Cantor set X by homeomorphisms and let G^ be 
the transformation groupoid arising from Lp. The generator 7 of 99 is clearly in [[G<^]] and 
of finite order. It is well-known that Hi(G^) = Hi{'L/N'L,C{X,'L)) is isomorphic to 

{/ G G(X, Z) j / = / o 7}/{/ + / o 7 +... + / o 7^-1 I / G G(X, Z)}. 
Hence, when ip is not free, 1(7) is not zero in ffi(G^). 

Remark 7.9. In Corollarv 17.161 it will be shown that [[G]]/[[G]]o is isomorphic to Hi{G) 
via the index map, when G is almost finite and principal. This, however, does not mean 
that Hi(G) is always torsion free. Indeed, it was shown in [9, Section 6.4] that the dual 
canonical Dq tiling contains 2-torsions in its -ffi-group, and so there exists a free action 
if of on a Cantor set by homeomorphisms such that HiiG^p) contains 2-torsions. Note 
that Gip is almost finite by Lemma 16.31 
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In order to prove Theorem 17.131 we need a series of lemmas. 

Lemma 7.10. Suppose that G is almost finite. For any 7 G [[G]], there exist an elementary 
homeomorphism 70 G [[G]] and a clopen subset V C G^^^ such that Jolix) = x for any 
x^V and ^jl{V) > 1/2 for any fi £ M{G). 

Proof. Take a compact open G-set U satisfying j = tu- Since G is almost finite, there 
exists an elementary subgroupoid K C G such that 

\UKx\Kx\ < 2-^\K{x)\ 

for all X G G^^l Let V = s{U n K). Then 

\K{x)r\V\ = \K{x)\ - \UKx\Kx\ > 2-^\K{x)\. 

By Lemma [Q (1). we have fi(y) > 2"^ for all /i G M{K) and hence for ah fi G M{G). 
Moreover, one also has 

1^(2;) f\s{U\K)\ = \K{x) \s{Ur\K)\ = \K{x) \r{Ur\K)\ = \K{x) n r{U \ K)\ 

for all X G G^^\ It follows from Lemma |6. II (3) that there exists a compact open K-sei W 
such that siW) = r{U\K) and r(W^) = s{U\K). Then O = WU{U-^nK) is a compact 
open K-sei satisfying s{0) = r{0) = G^'^\ and so 70 = tq is elementary by Lemma [TTTl 
(2). Clearly 707(2;) = x for x (zV, which completes the proof. □ 

Lemma 7.11. Suppose that G is almost finite. Let V C G^^^ be a clopen subset and let 
7 G Ker/. Suppose that 7(2;) = x for any x £ V and ijl{V) > 1/2 for any fi G M{G). 
Then, there exist an elementary subgroupoid K <Z G and tjj G [[G]] such that tuJ^^ is 
elementary and 

holds for all g G G. 

Proof. Let 7 = tq- Since 1(7) = 0, Iq is in Im52- It follows from Lemma 17.31 (1) that 
there exist compact open G-sets Ai, . . . , An, Bi, . . . , Bn, Ci, . . . , Cm and Di, . . . , Dm such 
that s{Ai) = r{Bi), s{Cj) = r{Dj) and 



1^0 



,i=l 




Set 

n m 

E = \J{AiUBiU AiB,) U IJ {Gj U D, U GjD,). 
i=i j=i 

Almost finiteness of G yields an elementary subgroupoid K d G such that 

\{E U E~^)Kx \ Kx\ < 7\K{x)\ 
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for all X G G'^'^\ Since ^liV) is not less than 1/2 for every /x G M{G), by the proof of 
Lemma |6.5| we may further assume 

\VnK{x)\ > 3-^\K{x)\ 

for all X G G^^\ Define compact open G-sets A'^, B'^, C'j, D'- by 

^i = Ai\ {{A, n K)r{B, n K)), B[ = B., \ (s(A, n K){Bi n K)), 

C'j = Cj \ {{Cj n K)r{Dj n K)), D'j = Dj \ {s{Cj n K){Dj n K)). 
Then s(A^) = r(S^, s{C'j) = r{D'-) and 

lo = ( E - Ia^b^ + - ( E - IqD^. + Ifl^. I + k 
\i=i J \j=i J 

for some k G C{K,7j). In addition, since 

{Ai n i^)r(5, n i^) = (A, nK)n {AiB, n 

we have 

\r{J^i) n i^(x)| < \r{A, \ {A, n JC)) n K{x)\ + |r(A, \ {AiBi n K)^-^) n 
= \AT^Kx \ Kx\ + \{AiB{)-^Kx \ Kx\ 

9{n+m) ' 

for any x G G^^\ Similar estimates can be obtained for s{A'j), s{B[), r{Cj), s(Cj) and 
s{D'-). By Lemma [6TT] (2). we can find compact open K-sets P^.i (/c = 1, 2, 3, i = 1, 2, . . . , n) 
and Qi^j {I = 1, 2, 3, j = 1, 2, . . . , m) such that 

and the ranges of Pk/s and Qij^s are mutually disjoint and contained in V. Define 
compact open G-sets A'l, B'l , C'-, D'J by 

A'i = Pi,iKP2,i ' B'i = P2^iBlP^l , Cj = QijCjQ^j, D'- = Q2jD-Q^j. 

Then 

n m 

F = \j{Aiu B'l u i^iB^)-^)-^ u U (c^' u u {c';d';)-^) 
i=i j=i 

is a compact open G-set satisfying s{F) = r(F) = F^ <Z V . Moreover, tf and r|. have 
no fixed points. Set Fq = G^'^^ \ s{F) and F = F L) Fq. Then Tp is an elementary 
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homeomorphism in [[G]]. Define a compact open subset U C G hy U = F U OFq. Since 
s{F) is contained in V, U is a G-set and TpTp = tu- Furthermore, 

1(7 = If + loFo = If + lo - 



It is not so hard to check 



X] ^u{gig92) = X 11/(515' ^52) 



Lemma 7.12. Let K he an elementary subgroupoid of G and let 7=T[7 € [[G]]. If 



□ 



holds for all g £ G, then there exists 70 G [[G]] such that 7q G [[i^]] and 707 G [[-f^]]- 

Proof. By Lemma 14.71 there exists a i^T-full clopen subset Y C K^^^ = G^^^ such that 
K\Y = Y. If C is a compact open G|y-set, then 

KCK = {gigg2 G G \ 51^2, e K, g e G} 

is a compact open subset of G. Since G\Y is written as a disjoint union of compact open 
G|y-sets, there exist mutually disjoint compact open G|y-sets Gi,G2, ■ ■ ■ ,Cn such that 
U U is contained in (J^ KCiK. Note that KCiK^s are also mutually disjoint, because 
of K\Y = Y. Define a (possibly empty) compact open G-set Dij by 

Aj = n KG^K n KGJ^K = ur\ K{G^ n Gri)K, 

so that If/ = j Id, J- Take i,j G {1,2, ... ,n} and y G y arbitrarily. If r{Ci fl G^"^) 
does not contain y, then clearly 

r{Dij)nK{y) = $ = s{Dj,i)nK{y). 

Suppose that r(Gj n G^^) contains y. There exists a unique element g CiH Gj^ such 
that r{g) = y and one has 

\r{D,,j)r^K{y)\ = \{gigg2 G [/ | 51, 52 G iT}] 

= X '^u{gigg2) 

gi,g2&K 

= X lc/(5i5""^52) 
91,926-ft' 

= I {515^^52 G [/ Ui,52 G i^}| = Is(Z),-i) n K(y)|. 
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It follows from Lemma 16.11 (3) that there exists a compact open K-set Aij such that 
s{Aij) = r{Dij) and r{Aij) = s{Dj^i). Set 

n 

It is easy to check that 5 is a compact open G-set satisfying r{B) = s{B) = G^''^. 

Furthermore, one can see that Dj^iAijDij is a compact open K-set for any Let 

7o = tb- Then we obtain 7q G [[K]] and 707 G [[K]]. □ 

From Lemma l7.10l mil I7.12l and Lemma 17.71 we deduce the following theorem. 

Theorem 7.13. Suppose that G is almost finite. Suppose that 7 G [[G]] is in the kernel 
of the index map. Then there exist 71,72,73,74 G [[G]] such that 7 = 71727374 and 
71,7^,73,74 are elementary. In particular, 7 is written as a product of four elements in 
[[G]] of finite order. 

Remark 7.14. The theorem above is a generalization of \21\ Lemma 4.1], in which it 
was shown that any 7 G [[G^]] H Ker/ can be written as a product of two elementary 
homeomorphisms when 93 is a minimal free action of Z on a Cantor set. 

Corollary 7.15. Suppose that G is almost finite. Then there exists a homomorphism 
$1 : i^i(G) Ki{C*.{G)) such that $1(1(7)) is equal to the Ki-class of p{j) for G [[G]], 
where p : [[G]] N{C{G^^^),G*{G)) is the homomorphism described in Proposition 15.61 
(3). 

Proof. When 1(7) is zero, by Theorem I7.13| 7 is a product of four homeomorphisms 
of finite order. If a unitary in a C*-algebra is of finite order, then its iTi-class is zero. 
Therefore the i^i-class of p{'y) is zero for 7 G Ker/. Since the index map / : [[G]] Hi[G) 
is surjective by Theorem 17.51 we can define a homomorphism <I>i : Hi{G) — > Ki{C*{G)) 
by letting $1(1(7)) be the i^i-class of pij). □ 

The corollary above says that Hi{G) corresponds to a subgroup of Ki{C*{G)) gener- 
ated by unitary normalizers of C(G*^''-*). We do not know whether the homomorphism $1 
is injective or not and whether the range of $1 is a direct summand of Ki[G*{G)) or not. 

When G is principal, combining Theorem 17.51 and Theorem l7.13l we obtain the follow- 
ing corollary. 

Corollary 7.16. Suppose that G is almost finite and principal. Then the kernel of the 
index map is equal to [[G]]o, and the quotient group [[G]]/[[G]]o is isomorphic to Hi{G) 
via the index map. 
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